Introduction
From different view-points, the connection theory can be found in many works, like . As pointed in these and many other references, the concept of a parallel transport is defined on the base of the one of a connection. The opposite approach, i.e. the definition of a connection on the ground of an axiomatically defined one of a parallel transport, is considered in [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . The major classical results on axiomatization of parallel transport theory are presented in the table below
Year Person
Result and original reference 1917 T. Levi-Civita Definition of a parallel transport of a vector in Riemannian geometry. [33] 1949 Willi Rinow An axiomatic definition of parallel transport in tangent bundle is introduced in unpublished lectures at Humboldt university. (See [25] and [32, p. 46 1981 Walter Poor A detailed axiomatic definition of a parallel transport in vector bundles. The whole theory of linear connections in such bundles is deduced on that ground. [32] The purpose of the present investigation is to be revealed different relations between the concepts "connection on a bundle" and "(parallel) transport (along paths) in a bundle". These concepts will be shown to be equivalent in a sense that there exist bijective mappings between the sets of connections, (axiomatically defined) parallel transports and transports along paths satisfying some additional conditions. In this way, two different, but equivalent, systems of axioms defining the concept "parallel transport" will be established.
The paper is organized as follows. Section 2 recalls the definition of a connection on a bundle as a distribution on its bundle space which is complimentary to the vertical distribution on it. The notions of parallel transport generated by connection and of (axiomatically defined) parallel transport are introduced. In section 3 is defined the notion of a transport along paths, which is one of the possible axiomatic approaches to the concept of a "parallel transport". Section 4 shows how a transport along paths generates a connection and presents some properties of such a connection. The main result of section 5 is the construction of bijective mapping between the sets of transports along paths, satisfying some additional conditions, and parallel transports. Section 6 deals with different relations between connections, parallel transports, and transports along paths. The equivalence between the concepts connection, transport along paths, satisfying some additional conditions, and parallel transport is established. Section 7 summarizes the basic results of the present work in a series of theorems. Section 8 closes the paper with some concluding remarks.
Let us now present some introductory material, like notation etc., that will be needed for our exposition. The reader is referred for details to standard books on differential geometry, like [5, 32, 34] .
A differentiable finite-dimensional manifold over a field K will be denoted typically by M . Here K stands for the field R of real or the field C of complex numbers, K = R, C. The manifolds we consider are supposed to be smooth of class C 1 . a
The set of vector fields, realized as first order differential operators, over M will be denoted by X (M ). The space tangent to M at p ∈ M is T p (M ) and (T (M ), π T , M ) stand for the tangent bundle over M . The value of X ∈ X (M ) at p ∈ M is X p ∈ T p (M ).
By J ⊆ R will be denoted an arbitrary real interval that can be open or closed at one or both its ends. The notation [σ, τ ] will be used for an arbitrary closed interval with ends σ, τ ∈ R, with σ ≤ τ . The notation γ : J → M represents an arbitrary path in M . For a C 1 path γ : J → M , the vector tangent to γ at s ∈ J will be denoted bẏ
. If s 0 ∈ J is an end point of J and J is closed at s 0 , the derivative in the definition ofγ(s 0 ) is regarded as a one-sided derivative at s 0 .
In this work, we shall need the notion of an inverse path and of a product of paths. There are not 'natural' definitions of these concepts, but this is not important for us as the (parallel) transports we shall consider bellow are parametrization invariant in some sense, like (3.5) below. For that reason, the concepts mentioned will be defined only for canonical paths (1) = γ 2 (0), the product γ 1 γ 2 of γ 1 and γ 2 is a canonical path γ 1 γ 2 : [0, 1] → M such that (γ 1 γ 2 )(t) := γ 1 (2t) for t ∈ [0, 1/2] and (γ 1 γ 2 )(t) := γ 2 (2t − 1) for t ∈ [1/2, 1]. For more details on this item, see [35, 36] .
. We say that a vector field X ∈ X (M ) is in ∆ and write
By (E, π, M ), we shall denote a bundle with bundle space E, projection π : E → M , and base space M . Suppose that the spaces M and E are manifolds of finite dimensions n ∈ N and n + r, for some r ∈ N, respectively; so the dimension of the fibre π −1 (x), with x ∈ M , i.e. the fibre dimension of (E, π, M ), is r. Besides, let these manifolds be a Some of our definitions or/and results are valid also for C 0 manifolds, but we do not want to overload the material with continuous counting of the required degree of differentiability of the manifolds involved. Some parts of the text admit generalizations on more general spaces, like the topological ones, but this is out of the subject of the present work.
b Some of our considerations are valid also for C 0 manifolds. By assuming C 1 differentiability, we skip the problem of counting the required differentiability class of the whole material that follows. Sometimes, the C 1 differentiability is required explicitly, which is a hint that a statement or definition is not valid otherwise.
with ı : π −1 (π(p)) → E being the inclusion mapping, is fulfilled
where ∆ h : p → ∆ h p ⊆ T p (E) and ⊕ is the direct sum sign. The distribution ∆ h is called horizontal and symbolically we write ∆ v ⊕ ∆ h = T (E).
A vector at a point p ∈ E (resp. a vector field on E) is said to be vertical or horizontal if it (resp. its value at p) belongs to ∆ v p or ∆ h p , respectively, for the given (resp. any) point
is a vector space isomorphism for all p ∈ E [32, sec. 1.24], any vector in T π(p) (M ) (resp. vector field in X (M )) has a unique horizontal lift in T p (E) (resp. X (E)).
As a result of (2.2), any vector A C 1 path β :
A liftγ : J → E of a path γ : J → M , i.e. π •γ = γ, is called horizontal ifγ is a horizontal path, i.e. when the vector fieldγ tangent toγ is horizontal or, equivalently, ifγ is a horizontal lift ofγ. Since
) is one-dimensional and, consequently, is integrable. The integral paths of that distribution are horizontal lifts of γ and, for each p ∈ π −1 (γ(J)), there is a unique horizontal liftγ p of γ passing through p.
. The parallel transport (translation, displacement) generated by (assigned to, defined by) a connection ∆ h is a mapping P : γ → P γ , assigning a mapping to the path γ
Recall now the basic properties of the parallel transports generated by connections.
Proposition 2.1. Let
be the parallel transport generated by a connection on some bundle (E, π, M ). The mapping P has the following properties:
The parallel transport P is invariant under orientation preserving changes of the paths'
→ {x} for some given r ∈ R and x ∈ M , then
for any C 1 path γ and (b) the lifted pathsγ 1;p andγ 2;p have equal tangent vectors at p,
and the vector tangent to the lifted pathγ 3;p :
(2.12)
Remark 2.1. As a result of (2.6), some properties of the parallel transports generated by connections, like (2.7) and (2.8), are sufficient to be formulated/proved only for canonical
Proof. The proofs of (2.6)-(2.9) can be found in a number of works, for example in [2, 4, 22, 26, 28, 29, 31, [37] [38] [39] Definition 2.3. A mapping (2.5) satisfying (2.6)-(2.12) will be called (axiomatically defined) parallel transport.
Proposition 2.2. Let P be the parallel transport assigned to a C m , with m ∈ N ∪ {0}, connection on a smooth, of class C m+1 , bundle (E, π, M ). Then P is smooth, of class C m , in a sense that, if γ : [σ, τ ] → M is a C 1 path, then P γ is in the set of C m diffeomorphisms between the fibres π −1 (γ(σ)) and π −1 (γ(τ )),
Proof. See [8, 11, 14] .
The axiomatic approach to parallel transport was developed mainly on the ground on the properties (2.6)-(2.13) of the parallel transports assigned to connections. However, this topic is out of the range of the present paper and the reader is referred to the literature cited at the beginning of section 3.
Transports along paths in fibre bundles (review)
The widespread approach to the concept of a "parallel transport" is it to be consedered as a secondary one and defined on the basis of the connection theory [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . However, the opposite approach, in which the parallel transport is axiomatically defined and from it the connection theory is constructed, is also known [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] and goes back to 1949 c ; e.g. it is systematically realized in [32] , where the connection theory on vector bundles is investigated. In [41] the concept of a "parallel transport" was generalize to the one of "transport along paths". The relations between both concepts were analyzed in [42] ; in particular, theorem 3.1 of [42, p. 13] (see theorem 5.1 below) contains a necessary and sufficient condition for a transport along paths to be (axiomatically defined) parallel transport. Definition 3.1. A transport along paths in bundle (E, π, B) is a mapping I assigning to every path γ : J → M a mapping I γ , termed transport along γ, such that I γ : (s, t) → I γ s→t where the mapping I
called transport along γ from s to t, has the properties:
where • denotes composition of mappings and id X is the identity mapping of a set X.
An analysis and various comments on this definition can be found in [41] [42] [43] [44] .
As we shall see below, an important role is played by transports along paths satisfying some additional conditions, in particular
where J ′ ⊆ J is a subinterval, γ|J ′ is the restriction of γ to J ′ , and χ : J ′′ → J is a bijection of a real interval J ′′ onto J. Putting r = t in (3.2) and using (3.3), we see that the mappings (3.1) are invertible and
For discussion and more details on the transports along paths, the reader is referred to [41, 42] ; in particular, there can be found the general form of these mappings, possible restrictions on them, their relations with other differential-geometric structures, etc.
A connection generated by transport along paths
The following result describes how a transport along paths generates a connection. [32] . Besides, the author of [25] states that his paper is based on unpublished lectures of prof. Willi Rinow 
(4.2b)
with p ∈ E, is a distribution which is a connection on (E, π, M ), i.e.
Proof. To begin with, we shall write the following result.
Proof of Lemma 4.1 Let {u µ = x µ • π, u a } be bundle coordinate system on E and p be a point in its domain. Then (4.5) follows from π *
which is a corollary ofγ µ (t) =
From (4.3) and (4.5), we get 
the path γ 3 is uniquely fixed by the conditions that it passes through the point π(p),
Therefore, conditions (c) is equivalent to the requirement the vector tangent at s 3 to the lift, given via (4.1), of the path defined via (4.7) to be (4.2c).
Remark 4.3. The role of the transport I along paths in theorem 4.1 is on its base to be constructed a lifting of the paths in M to paths in E with appropriate properties. Namely, such a lifting should assign to a path γ : J → M a unique pathγ s 0 ,p : J → E passing through a given point p ∈ π −1 (γ(s 0 )), for some s 0 ∈ J, and such that π •γ s 0 ,p = γ and, if q ∈γ s 0 ,p (t 0 ) for some t 0 ∈ J, thenγ t 0 ,q =γ s 0 ,p . On this ground one can generalize theorem 4.1 as well as some of the next considerations and results.
Definition 4.1. The connection ∆ I , defined in theorem 4.1, will be called assigned to (defined by, generated by) the transport I along paths. It is worth recording the simple fact that, if equation (3.4) or (3.5) holds, then the path γ s 0 ,p , defined via (4.1) is such that respectivelȳ Proof. To prove (3.4), use assumption (b) and the local existence of a unique C 1 path passing through a given point and having a fixed tangent vector at it. The proof of (3.5) is more complicated. For the purpose, observe that the pathsβ s 0 ,p : Proof. Simply apply the definitions (4.1) and (4.3) and use the properties (3.1) and (3.2) of the transports along paths (t 0 ∈ J): 
Proof. According to definition 2.2 and (4.1), we have:
Links between parallel transports and transports along paths
Now we shall present a modified version of [42, p. 13, theorem 3.1]. 
is a parallel transport, i.e. it possess the properties (2.6)-(2.12), with I for P. Besides, if I is smooth in a sense that
for some m ∈ N ∪ {0}, then the mapping (5.1) satisfies (2.13), with I for P. Conversely, suppose the mapping
is a parallel transport, i.e. satisfies (2.6)-(2.12), and define the mapping 4) is a transport along paths in (E, π, M ) , which transport satisfies the conditions (4.2) , with P for I. Besides, under the same assumptions, the condition (2.13) for P implies (5.2), with P for I, where P is given by (5.4) .
Remark 5.1. Instead by (5.4), the transport P along paths generated by a parallel transport P can be defined equivalently as follows. For a path γ : [σ, τ ] → M and s, t ∈ [σ, τ ], we put (see (2.6))
) Now, for an arbitrary path β : J → M , with J being closed or open at one or both its ends, we set
It can easily be verified that (5.5) are tantamount to
Proof. Suppose I satisfies (4.2). To begin with, we notice that (4.2) imply (3.4) and (3.5) by virtue of proposition 4.1. Equation (2.6) follows from (5.1), and (3.5). Equation (2.7) is a consequence of (5.1), (3.5) and (3.6) for γ : [0, 1] → M and τ (t) = 1 − t for t ∈ [0, 1]:
To prove (2.8), we set γ 1,2 : [0, 1] → M , τ 1 (t) = 2t for t ∈ [0, 1/2] and τ 2 (t) = 2t − 1 for t ∈ [1/2, 1] and, applying equations (5.1), (3.4), (3.5), (3.6) and (3.2), we find:
Next, equation (2.9) is a direct corollary from (5.1) and (3.3). At last, the properties (v) and (vi) are trivial consequences from (5.1) and respectively (4.2a)-(4.2b) and (4.2c). So, I is a prarallel transport, which, evidently, satisfies (2.13) with I for P, if (5.2) is valid. Conversely, suppose P is a parallel transport and P is defined via (5.4), or, equivalently (see remark 5.1), via (5.6). The verification of (3.1)-(3.3) can be done by applying (5.3) and (2.6)-(2.9). Therefore P is a parallel transport along paths. Similarly, the conditions (4.2) follow from the properties (v) and (vi) of the parallel transport P. At last, the validity of (2.9), with P for I, is a consequence from (2.13) and (5.6).
Definition 5.1. A transport I along paths which has the properties (4.2) will be called parallel transport along paths.
Theorem 5.1 simply says that there is a bijective correspondence between the parallel transports along paths and the parallel transports.
Definition 5.2. If I is a parallel transport along paths, then we say that the parallel transport (5.1) is generated by (defined by, assigned to) I. Respectively, if P is a parallel transport, then we say that the (parallel) transport along paths (5.4) is generated by (defined by, assigned to) P.
Corollary 5.1. The parallel transport I generated by the connection ∆ I , assigned to a transport I along paths, is a parallel transport, i.e. it satisfies (2.6)-(2.12) with I for P.
Proof. This result is a particular case of proposition 2.1. An alternative proof can be carried out by using (3.1)-(4.2), (4.10), and the definitions of inverse path and product of paths. The assertion is also a consequence of (4.10) and theorem 5.1.
Proposition 5.1. If I is a parallel transport along paths and I is the assigned to it parallel transport, then the parallel transport along paths defined by I coincides with I. Conversely, if P is a parallel transport and P is the parallel transport along paths generated by P, then the parallel transport defined by P coincides with P.
Proof. The assertions are consequences from definition 5.2, theorem 5.1 and remark 5.1.
Corollary 5.2. In a case of a vector bundle: (a) A parallel transport I along paths is linear if and only if the assigned to it parallel transport I is is linear; (b) A parallel transport P is linear if and only if the generated by it parallel transport P along paths is linear.
Proof. The results follow from theorem 5.1 and proposition 5.1.
Relations between connections and (parallel) transports along paths
Until this point, we have studied how a transport along paths generates a connection (theorem 4.1) and parallel transport (proposition 4.3). Besides, theorem 5.1 establishes a bijective correspondence between particular class of transports along paths and mappings having (some of) the main properties of the parallel transports generated by connections. Below we shall pay attention, in a sense, to the opposite links, starting from a connection on a bundle.
Proposition 6.1. Let P be the parallel transport assigned to a connection ∆ h on a bundle (E, π, M ). The mapping
defined by
is a transport along paths in (E, π, M Proof. Substitute (4.10) into (6.1), with I for P and I for P.
Corollary 6.2. Let P be the transport along paths assigned to a connection ∆ h (via its parallel transport P) according to proposition 6.1. The connection ∆ P generated by P , as described in theorem 4.1, coincides with the initial connection ∆ h , ∆ P = ∆ h .
Proof. On one hand, if p ∈ E, the space ∆ P p consists of the vectors tangent at s 0 to the paths γ s 0 ,p : t → P γ s 0 →t (p), with γ : J → M , s 0 ∈ J, and π(p) = γ(s 0 ), due to theorem 4.1. On another hand, ∆ h p consists of the vectors tangent at s 0 to the pathsγ s 0 ,p : t → P γ|[s 0 ,t] (p), by virtue of definition 2.2. Equation (6.1b) says that both types of paths coincide,γ s 0 ,p =γ s 0 ,p , so that their tangent vectors at t = s 0 are identical and, consequently, ∆ P p and ∆ h p are equal as sets, ∆ P p = ∆ h p , for all p ∈ E.
Recapitulation
Roughly speaking, the above series of results says that a connection ∆ h is equivalent to a mapping P (the assigned to it parallel transport) satisfying (2.5)-(2.12) or to a mapping P (the assigned to it parallel transport along paths) satisfying (3.1)-(3.3) and (4.2) (with P for I). Besides, the smoothness of ∆ h is equivalent to the one of P or P . Let us summarize these results as follows. We end with the main moral of this section. The concepts "connection," "(axiomatically defined) parallel transport" and "parallel transport along path" are equivalent in a sense that there are bijective mappings between the sets of these objects; thus, we have the commutative diagram in which the mappings indicated are described via theorems 7.1-7.5. Besides, if one of these objects is smooth, so are the other ones corresponding to it via the bijections constructed in the present work.
Conclusion
The concept "parallel transport" precedes historically the one of a "connection" and was first clearly formulated in the work [33] of Levi Civita on a parallel transport of a vector in Riemannian geometry. The connection theory was formulated approximately during the period 1920-1949 in a series of works on particular connections and their subsequent generalizations and has obtained an almost complete form in 1950-1955 together with the clear formulation of the concepts "manifold" and "fibre bundle" [26] ; the concept of connection on general fibre bundle was established at about 1970 [45] . During that period, with a few exceptional works, the 'parallel transport' was considered as a secondary concept, defined by means of the one of a 'connection'. Later, as we pointed at the beginning of Sect. 3, there appear several attempts for axiomatizing the concept of a parallel transport and by its means the connection theory to be constructed; e.g., this approach is developed deeply in vector bundles in [32] .
The main merit from the present paper is that now we have a necessary and sufficient conditions when an axiomatically defined parallel transport (or a parallel transport along paths) defines a unique connection (with suitable properties) and vice versa. In this sense, the equivalence between the concepts "connection" and "parallel transport" is established. However, the concept of a parallel transport admits a generalization to the one of a transport along paths and there exist transports along paths that cannot be generated by connections or axiomatically defined parallel transports.
